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ABSTRACT. In this study we investigate a model of generalized Pell numbers. 
Combinatorial representations are provided and some new identities and com- 
binatorial identities are established. Moreover, analytic results are exhibited, 
where some special cases are discussed. Illustrative examples and applications 
are given. 
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1. INTRODUCTION 


Several families of integers defined by recursive relations are studied in the literature. 
These sequences of numbers are at the origin of many interesting identities, in particular 
of combinatorial or analytic types. It is possible find in-depth results on these families 
of integers and their generalizations. Specially among theses families, the Pell numbers 
Pn, (n > 0) is one of the most well-known sequence of integers with important role in var- 
ious topics of mathematics, and also in exact and applied sciences (see more in [4-6,17]). 
These integers defined by the initial conditions P) = 0, P, = 1 and the classical recurrence 
relation, Pr41 = 2Pa + Pn-1 for n > 1, have been widely discussed from both alge- 
braic, analytical and combinatorial perspective. Furthermore, diverse generalizations of 
the sequence {Pa }n>0 of Pell numbers have been considered in various research papers 
(see for example [4—7,10,11,17]). Such generalizations are defined by recurrence relations 
of second order. The first proposed generalization is defined by, 


Pan = 21 Pin- + Pin-2 forn > 2, 


with appropriate initial conditions Py; = 1 and Paz = 24 (see [17]), and the second 
generalization is given by, 


Pan = 2Phn-1 + APh n- forn > 2, 
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where h is a positive real number, and with appropriate initial conditions Ph, = ao and 
Pra = a (see [4-6]). Another type of generalization of Pell numbers is defined by the 
following linear recursive relation of order r > 2, 


Pa 2P Pye + Pape 


for n > r—1, where the initial conditions Py = ao, ..., P,—1 = @r—1 are chosen adequately 
(see [12,13,16] ). In general, the initial conditions for this kind of Pell numbers are given 
by Po =... = [r—-2 = 0, Pi =l 

The present study deals with the model of generalized Pell numbers defined with inte- 
ger parameters d > 0, i (0 < i < r — 2), h > 1 by the following linear difference equation 
of order r > 2, 


Plinn = 2 Pia Phihn-1 +: PPP aha (1) 


for n > r, where the initial conditions Pino = ao, ., Phihr-1 = @r—1 are chosen 
adequately. Expression (1) extends the preceding generalizations. That is, if we set ag = 
24 a1 = Land a; = 0 for2 < j < r— lor ap = 2,0, = hand aj =0for2<j<r-l, 
or ao = 2, a, =" Sep = l, respectively, in un+ı = ae QiUn—i-1, We get the 
expressions defining the three preceding generalizations of Pell numbers. 


We investigated the model of generalized Pell numbers defined by the difference equa- 
tion (1) through properties of an associated basic fundamental system. Our approach is 
also issued from the general setting and properties of r-generalized Fibonacci sequences 
(see for example, [8,14,18]). These methods allow us to obtain various statements for the 
generalized model of Pell numbers. More precisely, the combinatorial representation is 
formulated and some new identities are provided. The analytical representations were 
studied for some special cases, namely, i = 0, h = 1 andi = r—2, given by the expressions 


Pioni = 2°Pioin + Pioan—1 +e + Pioam—r4i (2) 
forn >r, 

Pigg =o Py pha + hPlr-2hn-r41 (3) 
for n > r, with d > 0 and h > 1. Furthermore, the analytical representations for the 
general sitting for two special cases were established, namely, r = 4,4 = landr = 5,i = 1 
or i = 2, with positive integers d and h. 

Note that by taking d = 0 we obtain Expression (2) defining the generalized Fibonacci 
numbers (see more in [15]), and for d = 1 Expression (2) is the recursive relation for 
generalized Pell numbers studied in [16]. For parameters d = 0 and h = 1, Expression 
(3) is a recursive relation defining Fibonacci r—numbers. Moreover, it is worth noting 
that for the generalized Pell numbers (3), equipped with the following kind of initial 
conditions ag = ... = a; = 0 or aj41 = ... = Qr—1 = 1 are considered in [12], and labeled 
the generalized (r, i)-Pell numbers. 


The content of this paper is organized as follows. In Section 2 we study the combinato- 
rial representation of the families of sequences of the model of generalized Pell numbers, 
defined with the aid of the difference equation (1). Moreover, some new identities and 


combinatorial identities are provided in Section 3. Section 4 concerns a special model of 
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generalized Pell numbers. Also the analytical aspect of the Fibonacci numbers is pro- 
vided. In addition, properties of the analytical representation of the generalized Pell 
numbers (3) are exhibited. Section 5 is devoted to analytical expression of some special 
cases of generalized Pell numbers (1). Finally, discussion and concluding remarks are 
given. 

For reason of simplicity and clarity, in this work we will omit the parameters d and 
h and the model of generalized Pell numbers Py, defined by Expression (1) will be 
notated in general case by Plin n = Pin, notated by Pyr—onn = Rn fori = r — 2 and 
notated by Pao.nn = Pn fori = 0. 


2. COMBINATORIAL REPRESENTATION OF THE MODEL OF GENERALIZED PELL NUMBERS 


The preceding generalizations represent special cases of the sequences {un }n>o0 defined 
by, 


r-l 
Un+1 = > QiUn—i—1 for n >r, (4) 
i=0 


known in the literature as linear difference equation of constant coefficients a; € R or C 
(0 <i < r—1). When the initial data uo = ag, u1 = Q1,..., Ur-1 = Qr—ı are specified, 
sequences defined by the recursive relation (4) are known in the literature as r-generalized 
Fibonacci sequences. It is well known that the combinatoric formula of sequences (4) have 
been largely studied in the literature (see, for example, [14,18] and references therein). 
Indeed it was shown in [14] that, 


Un = p(n,r)Ao + p(n—1,r)Ai+---+p(n—r+1,r)A,-1, foreveryn>r, (5) 


such that Am = ar—1Um +--+: + @mUr—; and 





boib a | 
p(n, r) = > l an E 7 2 aoa gk, for everyn >r, (6) 
ko+2hit--+rkpasn—r OE rod 


where p(j,r) = 0 for 0 < j < r—1and p(r,r) = 1. When in Expression (4) the coeffi- 








cients are given by ap = 2%, a1 = ++. = ai = 0; Gin. = +++ = ar—2 = l and ap—1 = h 
and the initial conditions ao, +- , @-—2, Ar—1, we get Expression (1) defining the model 
of generalized Pell numbers. Therefore, the construction did in [14] and Expression (6) 
implies the following result on the combinatorial aspect of the model of generalized Pell 
numbers (1). 


Theorem 2.1. Let the generalized Pell numbers P; n defined by Expression (1) with arbitrary 
initial conditions ag, ..., &r—1. Then, for i = 0 we have 


Pr = po(n,r)Ao a po(n a 1, r)Aı TE po(n EAN, 1,r)Ar-1, 


for every n > r, such that Ao = Foe 4 + a ak + hao, Ai = hay + ee Oi i A= 
har—ı, and 





y (eg + +++ + Frat)! odo era. 


po(m,r) = kol... kr! 


kot+--+rkp-1=n—r 
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or every n > r, where po(j,r) = 0 for j <r—land po(r,r) = 1. And, for 1 < i < r — 2, we 
fi y polj, j polr, 
have, 

Pin = pi(n,r)Ao + pi(n — 1,r)A1 +--+ pi(n— r +1,r)Ar-1, (7) 
for every n > r, such that Ag = Maes H? ag+hao, Ay = hoy Olp,-..,Aj—1 = 
hai—ı + Le ap, Ay = hay + SS ae Qk, Ái+1 = hojsi + ics Qk, ..., App = hari 
and 
3 (ko + kiga +++ + kr-1) 


LSapeiee 

0 r—1 
holka ieke 2h , for everyn >r, 
Ikjal... kr—1! 





pi(n,r) = 
ko+(it2)kigit--+rkp—1=n—r 


where pi(j,r) = O for j < r — land p,(r,r) = 1. 


Proof. It is a direct application of Expressions (5) and (6) to Expression (1) for every i 
(0<i<r—2). 














Let consider the sequence S; = {p(n — j,r)}n>0 (0 < j < r—1). Then, Theorem 
2.1 shows that the set {So, S1, . . . , Sr—1 } is a basic fundamental system for generating the 
model of generalized Pell numbers (1). 


Proposition 2.2. Let the generalized Pell numbers Rn defined by Expression (3) with arbitrary 
initial conditions aog,..., @r—1. Then, we have, 


Rn+1 = pr-2(n,7r)Ao + pr-o(n — 1, r)Ar +: + pr-2(n =r + 1,r)Ar-1, 
for every n > r, such that Ag = 240,_1 + hag, Ay = hay,..., Arp—1 = hayrı and 
= (ko + kr—1)! gdko p kr- 
pr-2(n,r) = ys leat cee (8) 


ko+rkp_1=n—r 


for every n > r, where pr—2(j,r) = O for j < r—1and p,_o(r,r) = 1. 











Proof. It is obtained by applying the Theorem 2.1 to Expression (3) for i = r — 2. 





As mentioned before, when the initial conditions are ag = --- = a,_2 = 0, and 
Qr—1 = 1, we get the usual generalized Pell numbers, largely studied in the literature. 
In this context, the following corollary established the combinatorial expression for this 
important sequence of generalized Pell numbers. That is, comparing Expressions (1) and 
(7), we can establish the following result. 


Corollary 2.3. (Fundamental Combinatorial expression) For the sequence (1), with initial condi- 
tions ag = ++ = Ar_2 = 0, and ar—ı = 1, we have the combinatorial expression, 


(ko + kina + +++ + kr-1) 


ko!ki+1!. .- kr—1! ray 


Pin = pi(n + 1,r) = 
ko+(i+2)ki4i.+--+rkp_1=n+1—r 





for every positive integer i, and n > r, where p;(j,r) = 0 for j < r — 1 and p,(r,r) = 1. 


Expression (9) will play a fundamental role in the sequel, where the sequence P;,n,,.5 
is considered as a fundamental solution of the difference equation (1). Moreover, we can 
show that Proposition 4.3 established in [16] is a particular case of Corollary 2.3 by taking 
i=0,d=h=1. 
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Consider the set HEM Toi 1 < s < r} of sequences of generalized Pell numbers 


R. =P oe defined as follows, 


r—2 

ae 2p i `, B a T fe ates for n>r-1, (10) 
k=i+1 

ioe land PË =0for0<n#s—1<r-1, 


where in the special case i = r — 2, we put Pos = RY), 

We call the set HPOJ 1 < s < r} as the Pell fundamental system associated with 
the model of generalized Pell numbers defined by (1). 

The Table 1 describes the list of the first terms of set HRE Si 1 < s < 5} of the 
generalized Pell number of order r 5, 2 3,d 1 and h = 5. The sequences of 
generalized Pell numbers are defined as follows, 


























RO, = 2R®+45R%, for n24, 
Ro, = Land RO) =0for0<n#s—-1<4. 
n]0]112|3]/4|5| 6] 7) 8] 9| 10) 11 
RY 11]0/010/0/5] 10] 20] 40 | 80 | 185 | 420 
R®|olılolo olol 5/10] 20] 40] 80] 185 
R®) |o]ol1lo]olo] ol 5110/201 40| 80 
R®lolololiılo o] ol ol 5/101 20| 40 
©lolololol1l2| 4| 8/16/37] 84] 188 


















































Table 1 : First terms of set{{R)} n>0, 1<s<5} 


The Table 2 describes the list of the first terms of set (EPS ae base, 1 < s < 5} of the 
generalized Pell number of order r = 5, i = 2, d = 2 and h = 3. The sequences of 
generalized Pell numbers are defined as follows, 


























e = PE ene Py seat and for n> 5, 
B es = land P{),,,=Ofor0<n#s—1<4. 
nJ]0/1/2/3/4/5| 6] 7| 8] 9| 10 11 
PY),,|1/0]0/0]0]3 | 12] 48 | 192) 771 | 3105 | 12504 
fn (0/1/0/0/0/1] 7] 28] 112] 449] 1806 | 7273 
wnae 7| 28| 112] 449] 1806 
Jal olololilolo] of 1] 7| 28| 112| 449 
PS), |0/0]0/0]1]4| 16 | 64 | 257 | 1035 | 4168 | 16784 


















































Table 2 : First terms of set({ Pi? ,}n>0, 1<s<5} 


Remark 2.4. As mentioned before in the Introduction, for d = 0, Equation (2) is none other than 
the one that defines the generalized Fibonacci numbers. Therefore, results of this Section are still 


valid for the generalized Fibonacci sequences, especially, Theorem 2.1 and Corollary 2.3. For the 
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recurrence given by Expression (2) with d = 0, it was proved in [Proposition 3.3, Proposition 
3.4, [15]] the identities, 








sS 
Pi) = X plns- jr), forn >r+s, when2<s<r, 
j=1 
PO) = PO =p(n,r), forn >r+1, 
where the p(n, r) are given as in (6) with ag = 1, ay = +--+ = ap—1 = 1. As an analogous result, 


for recurrence given by Expression (2) with d = 1, it was proved in [Proposition 4.4, [16]] the 
identities, 


Ss 
Pie) = X o(nts—j,r), forn>r+s, when2<s<r, 
j=l 
PO) = PO = p(n,r), forn >r+1, 
where the p(n, r) are given as in (6) with ag = 2, a, = +--+ = ap—1 = 1. 








The application of Theorem 2.1 implies the more general propositions bellow. 


Proposition 2.5. Fixed positive integers r and i, where 1 < i < r — 3, let HPT hsi 1< 
s < r} be the Pell fundamental system defined as in (10). The combinatorial expression of each 
(s) 


element P;n, where 1 < s < r, is given by, 
s—2 
P&) = `> piln — j, r)+ hpi(n— s+ 1,r), when2<s<r, (11) 
j=s—r+i+1 
PH = ies = AP, n-1 = hpi(n,r), forn>rt+1, (12) 
with n > r + s, where the p;(n,r) are given as in (6) such that ag = 21 a=..=4 = 
0, Aj41 Z oe = Ap-1 = 1. 


Moreover, for i = r—2 we can establish the combinatorial expressions of the sequences 
of generalized Pell numbers {Rp }n>0 defined as in (3). Indeed, we obtain the result anal- 
ogous to Proposition 2.5. 


Proposition 2.6. For i = r — 2, let consider the Pell fundamental system HRE so: 1< 
s < r} defined as in (10). Then, the combinatorial expression of each element IRE haeso where 
1 < s < r, is given by, 


RO) =hpo(n—st+1,r), when2<s<r-—1, (13) 

RY =hR®, =hRp-1 = hpo(n+1,r), forn >r +1, (14) 
with n > r + s, where the po(n,r) are given as in (6) such that ag = 24, a, = ... = ap—2 = 
0,a,_, = 1. 


Remark 2.7. As mentioned before in the Introduction, for d = 0 and h = 1, Equation (3) defines 
Fibonacci r—numbers. Therefore, results of this Section are still valid for this sequence of numbers, 


especially, Proposition 2.6. 
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Let {Win }n>0 be a sequence of generalized Pell numbers (1), with arbitrary initial con- 
ditions ao, Q1,..., &r—1. Let {Wi.n}n>o0 be the sequence defined by, 


Win = ay Pi) + oy P?) eee ar P”) 


A for every n > 0. 


We show that Wio = a0, Wia =y ., Wir- = a,—1. On the other hand, the general 
term of the sequence {Wi; n }n>0 satisfies the recursive relation (1). Therefore, for every 
n > 0, we have Win = Win. Especially, when d = h = 1l,ag = ... = ay = 0 and ayy) = 








... = Qr-1 = 1, we get the associated sequence of generalized Pell numbers {Rn}n>0, 
defined by the recursive relation (3) and called the generalized Pell (r, i)-numbers (see 


[12}). 


Proposition 2.8. Let {Wi n}n>o be a sequence of generalized Pell numbers (1), with arbitrary 
initial conditions ag, a4, ..., Ar—1. Then, for every n > 0, we have, 


2) 


Win = ao P + a PË, r) 


See Ar—1P 5, A 
Especially, for the generalized Pell (r, i)-numbers Ra, we have 
Ra = REY 4.4 RO, 


In other terms, the set HPE Jazo; 1 < s < r} is a basis of the vector space ef ”) (over 
K = R or C) of solutions of Equation (1) considered as a difference equation. 

The Proposition 2.8 is general case of Proposition 2.1 in [16]. Since the generalized Pell 
is also linked to the generalized Pell (r, i)-numbers considered in [12], we deduce from 
Proposition 2.8 and Expressions (13)-(14), a combinatorial expression of the generalized 
Pell (r,7)-numbers, namely, 

Ra= X po(n-j+1,r), 
j=i+1 








for every n > 0, where the p2(n,r) are given as in (6) such that ao = 2, a1 =... = ap_2 
0, âr—1 = 1. 


3. SOME IDENTITIES AND COMBINATORIAL IDENTITIES FOR THE MODEL OF 
GENERALIZED PELL NUMBERS 


In this section we are interested in some generalized Pell numbers identities and the 
related combinatorial identities. To this aim, let us proceed as in [15] by considering 
the notion of the generalized Pell fundamental system. Let consider the vector column 


P(i,j,n) = (Pp, Pp . pla 


pn eA ka) for every n > r — 1, andj (1 < j < r), and the 
matrix, 


Cy(i,n) = [P(i, 1, n), ..., PG j n), ., PG r n)], 


Let S; = E ha (0 < j < r — 1) and consider the basic set G, = {60, S1, ...,Sr-1}, 
called the Pell fundamental system, related to the model generalized Pell numbers (1). 
Then, the matrix Cop (i, n) = e )i<k, j<r, represents the Pell Casoratian matrix associated 
with G,. 
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The main goal here, is to exhibit the explicit expressions for the entries cf of the matrix 


Cy (i, n), and derive some identities, related to the model of generalized Pell numbers (1). 
A direct verification shows that the Casoratian matrix can be written under the form, 


C(n) = J x My x J, 


where J = (bk, j)1<k, j<r is the anti-diagonal unit matrix, namely, by, ; = 1, fork+j = r+1, 
and b;,; = 0, otherwise and M, = Ceara ee We show that the matrix M; n, 
can be written under the form M; n = Aj’, where A; is the classical companion matrix, 


2 Q week ~My. Gua: 1 k 
1 Qo seat 0 > 0 0 
A; = A[2%,0,--- ,1,--- ,1,A] = 0 1 QO >... 0 0 
O >œ 0 0 0 1 0 


(for more details see, [2] and references therein). Hence, we get the following property. 


Proposition 3.1. Consider the Pell fundamental system LPO >, sa: 1 < s < r} defined as in 


(10). Then, the associated Casoratian matrix C (n) and the powers A’ of the companion matrix 
A; are similar. More precisely, we have the matrix identity, 


O(n) = JARI = (ick, jer, (15) 


for every n > 0, where the entries eg? are given by oft) = Pe), os 


J = (bk, 5 )1<k, j<r is the anti-diagonal unit matrix. 


(1 < k,j < r), and 





Expression (15) implies the matrix identity 6 (n+ p C(n J C(m ), for every n and m. 


Hence, the entries of the matrix C(n + m) = Cie kj )), 1<k, ir are expressed in terms of 
CH 


those of the matrices C(m) = (14, jer and C(n = 





Nise ee as follows, 


a = -5e kl OMe “ra ae , for every n, m > 0, lp) 


where 1 < k, j < r. In fact, according to Proposition 3.1 and Expression (16), we get the 


following identities for the model of generalized Pell numbers Pe, 


Proposition 3.2. (Identities for the model of generalized Pell numbers) Consider the Pell funda- 
mental system (Pe) }n>0; 1 < s < r} defined as in (10). Then, is valid the following identity, 


p® Pp 
Peg => i,m+p P; s4+d- di =" -> Fin sa Pe ap 1? 


for any integer m, s > Qand p, q (1 < p, q < r). Specially for q = r we have the identity, 


(r) -> Fie => Fis 
Pimp” P; m+s+p — i sae Peta I= i z P; ym+d—1) 
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where ae = Pin = pi(n+1,r) and ph = D eas P; n-j-1 + hP; n-s. And more 


generally, for 1 < q < r — 1, we have, 


r d—2 q-2 

(a) _ 

Pomtetp = 2s] 2, Smol | Dd) Seal, 
d=1 | j=d—r+i+1 j=q—rtit+l 


where dm,p = Pim+p—j-1 T hP; m+p-a and ôs q = P; s+d-j-2 + AP, staid: 


Combining the identities of Proposition 3.2 with Theorem 2.1, Corollary 2.3 and Propo- 
sition 2.5, we can establish some combinatorial identities, involving the expressions of 
p(n, j) and p(n, r). More precisely, identities of Proposition 3.2 and Expression (9) applied 
to Expressions (11)-(12) and Expressions (13)-(14), we arrive at the following combinato- 
rial identities. 


Proposition 3.3. (Combinatorial identities for the model of generalized Pell numbers) The com- 
binatorial expressions of the generalized Pell numbers identity (11), is given by 


r d—2 


pi(m+st+1,r) =). >. Am,s pils +d,r), 
d=1 | j=d—r+i+1 


where Ams = pilm — j,r) + hpi(m —s+1,r), and 


3 





S pilm rst p) jr) f hpi((m+s+p)—4+1,r) = F Ania Y Asta , 
Si d=1 S2 S3 

where Sı = {j, withq—-r+i+l1l<j<q-2},S.={j, withd—r+i+1<j<d—-2}, 
S3 = {j, withq—=r+i+1 < j <s—2},and Amina = pi(mt+p—Jj,r)+hei(m+p—d+1,r), 
As+d,q = pi(s+d 1 jr) f hpi(s td-1 qt 1,r). 





Propositions 3.2 and 3.3 represent a generalization of the identities linked to the Fi- 
bonacci number established in [Proposition 3.3, Proposition 3.4, Corollary 3.5, [15]] and 
Pell number established in [Theorem 3.1, Proposition 4.2, Corollary 4.0, [16]]. Specially 
for Pell numbers, with parameters d = 1 and h = 1 in the model of generalized Pell 
numbers (1), namely the expression 


Pi 0,1n41 = 2P1,0,1,n + P1,0,1,n-1 + eee + Pi01,n—r41; (17) 


for n > r, we have the result. 


s < r} associated with the sequences of generalized Pell numbers (17). Then, for every m, s > 0, 
q (1 < q < r), we have the following combinatorial identities, 


Corollary 3.4 (Corollary 4.0, [16]). Consider the Pell fundamental system HPP Iai; tS 


r d 
po(m+s+ 1.7) =X |$ olm- j+ 1,r)| pols +4r), 
d=1 | j=1 


q r d 
X pol(nts—k+1r)= >> pD poln—i+1,r)pols+d-—j,r) 
k=1 d=1 |1<i<d, 1<j<q 
531 


4. ANALYTIC REPRESENTATION OF PELL NUMBERS (2)-(3) 


This section is devoted to the study of the analytic expression of a large class of the 
model generalized Pell numbers (1), without the use of the determinant techniques. 
Namely, we are interested in the analytic expressions of the generalized Pell numbers 
(2) and the generalized Pell numbers (3). 


Recall that for linear recursive sequence of Fibonacci type (4), the analytic expression 
is expressed in terms of the roots of the associated so-called characteristic polynomial 
and their multiplicities (see, instance, [3,8,18]). For the class of Pell numbers (2)-(3), the 
characteristic polynomials are given as follows, 


P(z) = 77 _94,r-1_ ,r-2_ z land R(z) ee ee ae ae 1, 





where d > 0. 


4.1. Study of the case d > 1. 


Lemma 4.1. The roots of the polynomial 











Pl) Saf 00 ag 3 ], 
are simple. 
Proof. Consider d > 1. Then, the polynomial P(z) = 2” — 24z"-1 — z"-? — ... — z — 1 can 
be written under the form, 
P(z) = 2" — (24-122 — (217! +... +z +1) = z" — (24-121 - = 





Since P(1) 4 0, we have P(z) = 2" — (2% — 1)z"71 — Z= = 3 where 
SiS ter 4 eas (2% agra +1. 
Let Z(P) = {z € C, P(z) = 0} and A € Z(P). Since P(1) # 0, we show easily that 
P(A) = 0 if, and only if, S(A) = 0, or equivalently, 
AHL (24 ak Uy Cae) Waar +1 = 0. (18) 
Suppose that A is a root of P(z), with multiplicity m > 2. Since S(A) = 0, A # 1 and 


P'(z) = see, where P’(z) denote the derivative of P(z), we derive S’(\) = 0, 


namely, we have the 
S'(X) = [(r + 1)A? = (2% + 1)rà + (2% = 1)(r = 1))A"? = 0. (19) 
Since P(0) = —1 £0, or equivalently 0 ¢ Z(P), we derive the following equation, 
(r +1)? — (27 + 1)rà + (24 — 1)(r — 1) = 0, (20) 
whose roots are given by, 


(24+ 1)r + VA ais o (2+1) -vA 
a OES E 


where A = (2% + 1)?r? — 4(2¢ — 1) (r? — 1). 
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à = 











On the other side, taking into account Expressions (18) and (19), we derive the follow- 
ing equation, 
GAD — (2% + 1)rà" + (2% GT 
= [AH — (27 + 1)d" + (24 — 1AE + 1] + AH (24-1) -r = 0. 
Using Equation (18), we derive à"+! — (2% — 1)A"T! — r = 0, hence we have the following 
identity, 





ATTI (24 — 1)A®T1 = ATIA? — (2% — 1) =r. (21) 


Case 1. Let now establish that the root à; is not a root of P(z) of multiplicity > 2. The 
(22+1)r+VA _ (2+1) (r+1)+VA-(21+1) 





expression of 1, takes the form, àı = 





, Which implies 

















2r F1) 2(r F1) 
= ci 1) f ALT 2 Since 
A = (24 + 1)?r? — 4(27 — 1) (r? — 1) = [24(27 — 2) + 5]r? +4(2° — 1), (22) 
a straightforward computation shows that, 
VA-(244+1) _ (242% — 2) + 5)(r? — 1) 
2(r +1) 2(r +1)(VA + (24 + 1)) 
Since r > 3 and d > 1 and VAC > 0, then A, > ee) > 3. On the other side, we 
have, 
-e-n eT, 


where A(r, d) = ((2% + 1)r)? + 2(24 + 1)rVA + A — 4(24 — 1) (r + 1), let analyze the sign 
of the expression Q(r, d) = A(r, d) — 4(r + 1)?. We have 


OQ(r,d) = ((22 + 1)r)? +222 + 1)rvVA + A — 400% = 1)(r + 1)? — 4(r + 1}? 
(oz = 201)? $ r2 + (271) r( JA _ 4) as Iry A + A — 202. 


Since r > 3, d > 1, Expression (22) allows us to derive that A — 2442 > Qand VA- 4>0, 
because A > 49. Therefore, we obtain Q (r, d) = A(r, d) — 4(r + 1)? > 0. Hence, we have 
A(r,d) > 4(r + 1)?, thus A? — (24-1) > 1. 

Finally, since \; > 3 we show that A 5 (3y > r, for r > 3. Therefore, Expression 
(21), shows that, r = A{T+[A? — (24 — 1)] > r, which is impossible. Conclusion, A; is not a 
root of the polynomial P(z) of multiplicity > 2. 

(24 + 1)r — VA 
2(r + 1) 
> 2. By using Expression (22), we have, 
te ((24 + 1)r — VA)((24+1)r+ VA) _ 2(r-1)Q4-1) sia 
2(r + 1)((24 + 1)r + VA) (2441)r+VA~ ” 





Case 2. Let us also establish that A» = 





is not a root of P(z) of multiplicity 





and 
A(r — 1)?(27 — 1) 


[(24¢ + 1)r + VAP? 
On the other hand, a straightforward computation shows that, 


(ote Al —4(r—1)? (22-1) = (22—241 44)r?+4(2%—1)(r—2)+2(2?+1)rV A+A > 0, 
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Me (2 -—1)= LQ") 





4(r—1)?(24—-1) 








which implies that [(24+1)r + WA]? > 4(r—1)?(24—1) or equivalently EA 1. 
Therefore, we have, 
— 1)2(2¢ — 
E e E eet: 
[(24 + 1)r + VA]? 
Once again, taking into account Expression (21), namely, \5~'[\3 — (24 — 1)] = r, we 


derive, 
Mp2 — (24 -1)) =r <0 
which is impossible. Consequently, the root Az of Equation (20) is not a root of the poly- 


nomial P’(z) or equivalently, \2 is not a root of multiplicity > 2 of the polynomial P(z). 
Therefore, the roots of the polynomial P(z) are simple. 














Remark 4.2. Note that for d = 1 we recover Lemma 5.1 of [16], namely, Lemma 4.1 is a general- 
ization of [ Lemma 5.1, [16]]. 


For the characteristic the polynomial R(z) = z” — 2¢z"~! — h of the generalized Pell 
numbers (3), we have the following result. 


Lemma 4.3. For integers d > 1 and h > 1, the roots of the polynomial, 
R(z) = 2" — 242" — h, 
are simple. 


Proof. For r = 2 we have R(z) = z? — 24z — h, and since A = (—2)?d + 4k > 0 the roots of 
the polynomial R(z) are simple. For r > 3, if À is a root of R(z), we have, 
M2 — h = 0 6 ATHA 27) h. (23) 
Suppose that À is a root of multiplicity m > 2, then R’(A) = 0. Therefore, we have, 
pA t= 24r = 1)" 7? = 0 & A"? (rà = 24% = 1)) = 0. 


24(r — 1) 


Since R(0) # 0, we derive that \ = . And using Expression (23), we show 


EA EAE 


which is impossible, since h is a positive integer. Therefore, the roots of the polynomial 
R(z) = z" — 2427-1 — hare simple. 

















Let apply Lemmas 4.1-4.3 for providing the analytic formula of generalized Pell num- 
bers (2)-(3). The process present in these two lemmas allows us to avoid the heavy tech- 
niques of the determinant by considering the result [3, Theorem 2.2]. That is, the combi- 
natorial expression of p(n, r) related to the general case of linear difference equation (4) is 
expressed in terms of the roots of the polynomial P(z) = 2” —agz"~! — . . . — ap—22 — ür—1. 
More precisely, the sequence {p(n, r)}n>0 defined by (6), is a linear recursive of type (4), 
and its analytical expression is given in the following lemma. 
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Lemma 4.4. (see [1,3]) Let {p(n,1r)}n>o0 be the sequence defined by (6). Suppose that the roots 


Ai, ++, Ap of its characteristic polynomial P(z) = 2” — agz™~! — ... — ap—22 — Ar—1 (ar—1 Æ 0) 
satisfy Ai A Aj for i # j. Then, we have 
r n—-1 r n—l1 
pín, r) = P nme Ta Ai ME every n >r, 


otherwise p(r,r) =1, pli, r) =0 fori < r — 1, where P' (z) = Æ (2). 


Following Corollary 2.3 and Proposition 2.5 the combinatorial expression of the se- 
quences {P;n}n>0 Of the Pell fundamental system (10) are formulated in terms of the 
p(n, r), given by Expressions (9), (11) and (12), namely, we have, 


Pin = pi(n+ 1,r), P. p® = = npr r) hi hP; n—1 = hpi(n, r), 


an 








s—2 
PO = >  pi(n—j,r) + hpi(n—s+1,r), , 
j=s—r+i+1 
forn > r,n>r+lorr > r+ gs, respectively, and where the p;(n,r) are given as in (6) 
such that a9 = 2%, a1 =... = ai = 0,041 =... = ar—1 = 1, namely, 
piln, r) = SS hos te 2dko forn >r. 


kolkisi!...kp—1! 
ko+(t+2)kigate-trkp_1=n—r ert oa 


where p;(r,r) = 1 and p;(n,r) = 0 forn <r—1. 

Now using Lemmas 4.1-4.4 and Expressions (11)-(12), we can formulate the analyti- 
cal expressions of the family of Pell numbers constituting the Pell fundamental system 
defined as in (10), as follows. 


Theorem 4.5. Let h = 1 and LPO ys, 1 < s < r} be the Pell fundamental system defined 
as in (10). Then, the analytic expression of each PIP, (1 < s < r) is given by, 


t va 1 r A 1 
Pa = po(n+1,r) = S s a gr nzn 
j=1 P'( Aj) Uo 
r n—2 y n—2 
P® = P 1 = poln, r) = D cori, LTT =e) Ai Jforn>r+1, 
APON £5 O E 


s—2 -—j-2 Neos 


P= So poln—J,r) + po(n-s+1,r) = S os (Ar) EPO 


j=s—-r+1 j=s—r+1 t=1 





where A1,- -, Ar the simple roots of the polynomial P(z) = z" — 2%z"71 — 27-2 — ...— z — 1. 





We can show that for d = 1, Theorem 4.5 is nothing else but the Theorem 5.1 established 
in [16]. We illustrate Theorem 4.5 by considering the following numerical cases. 


Example 4.6. For r = 3 and d = h = 1, we have the fundamental system HPOL Si 1<s< 
3}. In this case, the roots of the characteristic polynomial associated P(z) = z3 — 22? — z — 1 are 
Ay © 2.5468, Ay © —0.27341 — 0.56382i and Ag ~ —0.27341 + 0.563827. Then, applying the 
Theorem 4.5 we obtain 
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Anl bee ee 
P, = 1 j ' forn > 3, 
noA Sea aa 
n—2 n—2 n—2 
PO) Al Ao a3 forn > 4, 





= eede N del = Do 








pe) — AFANS | AP PHA | Ay +g 
"BAZ — 4A, -1 3A2— 42-1 33-43-11 





,forn > 5. 


The combination of Proposition 2.8 and Theorem 4.5 permit us to get the analytical 
expression for the general setting of any sequence of generalized Pell numbers, with 
arbitrary initial conditions without solving the associated Vandermonde linear system, 
namely, we have the following result. 


Proposition 4.7. Let consider the sequence {W,,}n>0 defined by, Wn = ao PP + aP + 
+ r1 PM”, for every n > 0, where h = 1 and {{P{°}n>0, 1 < s < r} is the Pell fun- 
damental system defined as in (10). Then, the analytical expression to Wn is given by Wn = 


- andr? 
SoS). where Mr +- , Àr the simple roots of the polynomial P(z) = z" — 242"-1 — 
a OE Cine 
kAj 
ge zl. 


Similarly, Lemmas 4.3-4.4 and Expressions (13)-(14) allow us formulate the following 
analogous results of the family of Pell numbers constituting the Pell fundamental systems 
related to Expression (3) as follows. 


Theorem 4.8. Let K, = HRO Tiso 1 < s < r} be the Pell fundamental system related 
to generalized Pell numbers given by Expression (3). Then, the analytical expression of each 


CRO Vo, 1<s <r} is given by, 





r A21 
Rn = p(n +1,r) =X. i forn > 1, 
wai Os) 


RY =hRn-1 = hp2(n,r) z hX EC for ner 


i=1 R (Ai) 
(8) S \ro-s-l 
Ry? =hpo(n-—st+1,r)=h — —., forn>r+s. 
a) 


where Ai, +, A, the simple roots of the polynomial R(z) = z” — eta, 


In best of our knowledge the presented analytical representations are not current in the 
literature. The analytic formula for generalized Pell (r, r)— numbers is presented in terms 
of determinant in [Theorem 6 and Corollary 7, [12]]. Under the precedent discussion and 
notation this analytic formula, only in terms of powers of roots of characteristic polyno- 
mial associated to the generalized Pell (r,)— numbers is given by the first representation 
in 4.8. 
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Since the Pell fundamental system associated with generalized Pell numbers (1) is also 
linked to the generalized Pell (r,i)-numbers, we deduce from Proposition 2.8 and The- 
orem 4.8, an analytical expression of the generalized Pell (r,i)-numbers without using 
determinant. 


Proposition 4.9. Let the set of the generalized Pell (r,i)-numbers Ra. Then, the analytic expres- 
sion of each Rn, for n > r + i is given by, 


TE C 24 
fnm DOR (24) 
where Ai» --, Ar the simple roots of the polynomial R(z) = z" — 22"7t — 1 and R' (z) = rz"™t — 
2(r —1)2"-?. 


Example 4.10. For r = 3, d = h = 1 the characteristic polynomial R(z) = 2° — 22? — 1 
associated to Ra = {{RY }ns0, 1 < s < 3} has roots 1 © 2.2056, Az ~ —0.10278 — 0.66546: 
and àg = —0.10278 + 0.665467. Then , the application of Theorem 4.8 allow us get the follows 
identities, 











Anl xe es 
Tr = 9 > 1, 
Ae ag Oy RO 
\r-2 A272 A22 
Arel p2 8 > 
meem Ro | RO) 3 
yrs Nes 2-3 
RƏ = 1 2 3 > 3 
CERN ROD BOs Ae 


where R' (z) = 32? — 4z. 


Similar result of Proposition 4.7 can be started for a sequence of generalized Pell num- 
bers of type (3), with arbitrary initial conditions. More precisely, the combination of 
Proposition 2.8 and Theorem 4.8 permit us to obtain the analytical expression for the 
general setting of a sequence generalized Pell numbers {Wn }n>0 of type (3), with arbi- 
trary initial conditions ag, a1, ..., Qr—1, Without solving the related Vandermonde linear 


system. That is, we have W,, = 5 arR®, where the analytical expressions of the Rw) 
k=1 


with RO = Rn, are given as in Theorem 4.8. 


4.2. Study of the case d = 0 : Generalized Fibonacci numbers. As mentioned above in 
Remark 2.4, when d = 0 then Equation (2) is nothing else but that defining the r—generalized 
Fibonacci numbers { F;,}n>0 studied in [15]. And P(z) = z” — z"71 — 2"? — ...— z — 1 is the 
characteristic polynomial associated to r—generalized Fibonacci numbers. The following 
results show us that P(z) has simple roots. 





Lemma 4.11. The roots of the polynomial 





are simple. 
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Proof. The polynomial P(z) = 2” — z"~!— z"7? —...— z — 1 can be written under the form 
P(z) = 2" — (27 1 +... +z +1) = 2" — 24}. Since P(1) 4 0, we have 
2+ _ 227 +1 S(z) 
P = = 
@) z—1 z= 


where S(z) = z2"+t — 22" + 1. Since P(1) 4 0, we show easily that P(A) = 0 if, and only 
if, S(A) = 0, or equivalently, 

AH 2A" +1=0. (25) 
Suppose that A is a root of P(z), with multiplicity m > 2, thus P’(A) = 0. Since S(A) = 0, 
à Land P'(z) = soe), where P’(z) denote the derivative of P(z), we derive 
S"(A) = 0, namely, we have the 

S'(X) = [(r + DA — 2r]a"-1 = 0. 
Since P(0) = —1 #0 then à Æ 0. Hence, we derive the following the equality, 
2r 
= 2 
d=, (26) 
By Expression (25) we obtain \’t! — 2A" + 1 = (A — 2)A" + 1 = 0. Therefore, we have 
r+1 

(5 — ) N= (=) à" = —1. Following Expression (26), we get \"*1 = (25) =r. 
For r = 2, we have à? = $4 > 2. Suppose that A"+! > r. Since r > 2 we have \ = AS = 
2— at > 1,5. Therefore, we have, 





A+t2 NTI x A> 15r=rt0,5r >r41. 


r+1 
Therefore, the equality \"t! = (25) = r is not valid. Consequently, the roots of the 
polynomial P(z) = z" — 2"~! — z"? — ... — z — 1 are simple. 

















Therefore, results of Section 4.1 are still valid for the generalized Fibonacci numbers 
and generalized Fibonacci r-numbers. More precisely, by considering the parameter 
d = 0, we have the analytical formula to each element of Fibonacci fundamental sys- 
tem PER OTi 1 < s < r} described in [Section 2, [15]], namely, we have the following 
results. 


Theorem 4.12. Let Hp so 1 < s < r} be the Fibonacci fundamental system. Then, the 
analytical expression of each FS a < s < r) is given by, 


r yn r yn 
F, = to ú forn >r, 
2a ea TO-a 





r aS 1 r ae 1 
FO = TATA forn>r+l, 
Lope ae j-1 eee N j—1 
oe r>rt+s, 
eg FA AAU 
where Ai, --, Ar the simple roots of the polynomial ee yaoi tia Zz. 
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The analytical formulas describe in Theorem 4.12 was not established in [15]. In best of 
our knowledge the analytical representations presented in Theorem 4.12 are new in the 
literature. 

Observe that the Lemma 4.3 is still valid for parameter d = 0, its proof is derived from 
a direct computation. Then, Proposition 4.8 still also for this parameter. Specially, we 
can establish the analytical formulas for the fundamental system PERE Tesi: 1<s<r} 
related to the sequences of Fibonacci r-numbers, with parameters h = 1 and d = 0, 
namely, 











AT SA go are 
Fin = : , N = 2 ` f > 5 Se = t 3 f > ] 
ar R (Ai) R 2 R O) orn > r,and R a RO) orn >rt+s 


where \1,---, Ar the simple roots of the polynomial R(z) = 2” — ee 
Taking into account the preceding data, we can assert also that Propositions 4.7 and 4.9 
are still valid for r-generalized Fibonacci numbers and generalized Fibonacci r-numbers. 


5. ANALYTIC REPRESENTATION OF PELL NUMBERS (1): SOME SPECIAL CASES WITH 
1l<i<r-3 


For the linear recursive equation defining the model of generalized Pell numbers (1), 
the characteristic polynomial is given as follows, 


P(z)=2" - De gia a a a hi (27) 


We study here the analytic expression of some special cases of the the model of gener- 
alized Pell numbers (1), by establishing that the roots of their associated characteristic 
polynomial are simple. To reach our goal, we consider the notion of Sylvester matrix. 

It is well-known that a Sylvester matrix is a matrix associated with two univariate 
polynomials P(z) and Q(z), whose entries are given by coefficients of these two polyno- 
mials [9]. When the determinant of the Sylvester matrix Sp Q, called the resultant, is zero, 
then the two polynomials have a common root (in case of coefficients in a field) or a non- 
constant common divisor (in case of coefficients in an integral domain). Considering the 
polynomial (27) and its derivative P’(z), if the determinant of the Sylvester matrix Sp p 
is different from 0, then the polynomials P(z) and P’(z) don’t have common roots. This 
means that if det(Sp p) 0, then the roots of P(z) are simple. 


5.1. Special case r = 4 andi = 1. Taking r = 4, the possible values for i are 0,1 and 
2. The cases i = 0 and i = 2, with h = 1, have been studied in the previous section as 
basic cases. Let consider r = 4,7 = 1 and positive integers d and h in Expression (27). 
The associated characteristic polynomial is P(z) = 24 — 2¢z3 — z — h, with derivative 
P' (z) = 4z3 — 32422 — 1. In this special case the Sylvester matrix associated to P and P’ is 
given by, 
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i "208 0 ži, —h 0 0 
0 1 s34 0 Sh —h 0 
0 0 1 =94 0 —1 —h 
Sppr=| 4 -3+2 0 -1 0 0 0 
0 4 —3 x24 0 —1 0 0 
0 0 4 —3 x24 0 aa 0 
0 0 0 4 -3x22 0 -—1 


Computational calculus | give us that, for all h, d positive integers, the determinant 
of Sp p is equal the g(d,h) = —27(23¢)(2%)h? — 192(2%)(h?) — 256(h3) — 22(2?4)(2%) — 
6(274)h + 18(234) — 27. 

Lemma 5.1. There is no positive integers solutions to the equation —27(2°4) (27)h?—192(2%)(h?)— 
256(h3) — 22(274)(2%) — 6(274)h + 18(29¢) — 27 = 0. 

Proof. In fact, taking x = 2%, the equation g(d, h) = 0 is equivalent to —256h? — (27x4 + 
1922)h? — 6a7h — 4x3 — 27 = 0 that have as real solutions the pairs (x, h) given by (1, 1), 


(0, -zr ) . The last possibility are not applied because xv is a function with image in 





positive reals. Then, the only integer solution is (1,1), but in this case, x = 1 = 2% or 
d = 0, what is impossible since d is a positive integer. 7 














Lemma 5.1 show us that the determinant of Sp p is different from zero for all positive 
integers d and h. Then, follows the result. 


Lemma 5.2. The roots of the polynomial P(z) = z4 — 2¢z3 — z — h, are simple, for d and h 
positive integers. 


Therefore, for r = 4 and i = 1 we can established the analogous statements given 
in Section 4. Indeed, using Proposition 2.5 and Lemmas 5.1- 5.2, we can formulate the 
following result. 


Theorem 5.3. Let HP So. 1 < s < 4} be the fundamental system defined as in (10). Then, 
the analytic expression of each PE), p <s< is given by, 
i 4 yn-1 
j 
7 = ` = , forn > 4, 
{POS 2 TT 





Pin = Pal (n+1,4) = 


pe 4 rN 2 4 A272 

= hPy_1 = hpi (n, 4) =h =h —> ~ frn>5, 
eran PO) 2 Tram! . 
I 


and for n > 4+ sand 2 < s < 3, we have, 


ast; n—s—1 
(s) _ j na 
Py = X piln—§,4) + hoi(n — 8 + 1,4) “>a a P (rt)? 


l j=s—2 
where i, -- +, A4 are the simple roots of the polynomial P(z) = 24 — 2123 — z — h. 





lthe algebraic results was obtained using software Matlab and CoCalc-SageMath 
Žthe numeric results was obtained using software Matlab and CoCalc-SageMath 
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We have the following illustrative numerical example of Theorem 5.3. 


Example 5.4. For parameters h = 2 and d = 5 the resultant (namely, the determinant of the 
associated Sylvester matrix) is equal —113391643 4 0, then the roots of P(z) = z4—3223—z—-2 
are simple and we have ày ~ —0, 36933, A2 ~ 32,001, A3 ~ 0, 18414 — 0, 367857 and v4 ~ 
0, 18414 + 0, 367852. Therefore, the analytic expression of each POA < s < 4) is given by, 











EN TE Ay = f Me , forn > 4, 
| 25 PO) 25 TOs 20) 
1 ae bee 
PO = 2Pa-1 = 2p1(n, 4) = FO) = ewe > 5, 
kj 
4 n— n— 
PË) = pı (n, 4) + 2p1(n — 1,4) = >, Ena l aiy frn > 6, 
OME ANa ae 
Pie = De etait) =p Oy) 25 Oy) form 7. 


For r = 4 in the model of generalized Pell numbers (1), a similar result of Proposi- 
tion 4.7 can be started for a sequence of generalized Pell numbers with arbitrary initial 
conditions. More precisely, the combination of Proposition 2.8 and Theorem 5.3 permit 
us to get the analytical expression for the general setting of a sequence generalized Pell 
numbers {W,,}n>0, with arbitrary initial conditions ag, a1,a2, a3, without solve the Van- 

4 


dermonde determinant system. That is, we have W,, = ae aP, where the analytical 
k=1 
expressions of the P$ (1 < k <4), with PD) = P„, are given as in Theorem 5.3. 
Note that, Theorem 5.3 is about a result established on a special case of the model of 
the generalized Pell numbers (1), which is not current in the literature. 


k) 


5.2. Special case r = 5 andi = 1. Let consider r = 5, i = 1 and positive integers d and h. 
The associated characteristic polynomial is P(z) = 25 — 24z4 — z? — z — h, with derivative 


P' (z) = 524 — 4(2¢)z3 — 2z — 1. The Sylvester matrix associated to P(z) and P’(z) is, 











1 <9¢ 0 1 1 0 0 0 
0 1 2d 0 1 1 h 0 0 
0 0 1 espe 0 -1 Sy -h 0 
Sele 0 0 0 1 —2d 0 —1 —1 =h 
; 5 —4*21 =] —1 0 0 0 
0 5 —4 x 24 0 —1 —1 0 0 0 
0 0 5 4x24 0 -1 —1 0 0 
0 0 0 0 5 ARO 0 1 —1 


The determinant of Sp p, namely, g(h, d) = det(Sp pr) is equal, 
g(h, d) = —256(237) (274) hn? — 480(224) (2%) h? — 2000(274)h? — 2500(2%)h3 
+ 3125h* — 112(294)(2%)h — 292(274(2%)h — 128(24%)h? + 320(234)h? 
= 50(2°*)h? — 900(2%)h? — 32(2°*) 27 + 60(27*)\2? — 322" )h 
+940(29*)h + 24 (274) h — 1020(2%)h — 2250h? + 5(2*) 
— 64(237) + 6(274) — 192(27) — 1708h — 283. 
Taking x = 2%, the equation g(d, h) = 0 is equivalent to 
— 2562°h? — 480x°h? — 2000x7h? — 2500xh? + 3125h4 — 11224h — 2922°h — 128x*h? 
+ 3202°h? — 50x7h? — 900xh? — 32x* + 60x? — 32z4h + 240z°h + 24a7h — 1020rh 
— 2250h? + 5a* — 642° + 6x? — 192x — 1708h — 283 = 0. 


The direct computational verification give us the following lemma. 


Lemma 5.5. There is no positive integers solutions of the equation —256x°h® — 480x°h? — 
2000x7h? — 25002h? + 3125h4 — 112x4h — 292a7h — 12824h? + 32027h? — 50x7h? — 900xh? — 
32x1 + 60x? — 32a4h + 240x%h + 24x7h — 1020xh — 2250h? + 5x4 — 64x? + 6x? — 192x 
1708h — 283 = 0. 





Then, Proposition 5.5 shows us that the determinant of Sp p is different from zero, for 
any positive integers d and h. Therefore, we have the following lemma. 


Lemma 5.6. The roots of the polynomial P(z) = z° — 2424 — z? — z — hare simple, for every 


positive integers d and h. 





As a consequence of the two Lemmas 5.5 and 5.6, the analogous statements given in 
Section 4, can be formulated as follows. 


Theorem 5.7. Let HPS Vi asks 1 < s < 5} be the Pell fundamental system defined as in (10). 
Then, the analytic expression of each { PX) }n>0, 1 < s < 5} is given by, 














A21 5 A21 
pı(n + ,5) ue (A;) os TOS 
i ot ae 
pt) — 5 Ne? 4 A272 
"E =h =) a > 

h = hei(n, 5) Lp Oy) > Tra; ay , forn > 6, 

J= py 

and for n > 5 + s (2 < s < 4) , we have, 

(3) s—2 x j-2 jot s—1 
P= n—j,5)+hpi(n—-s4 : 


where d4,--+, As are the simple roots of the polynomial P(z) = 2° — 24z4 — 22 — z — h. 





The following numerical example is for illustrating the content of Theorem 5.7. 
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Example 5.8. For the parameters h = 3 and d = 5, the resultant is equal 231159740436 ¥ 0. 
Hence, the roots of the polynomial P(z) = z5 — 32z4 — z — 3 are simple, that is, we have 
At © 32.0000, A2 + —0.391434 — 0.3632067, A3 ~ —0.391434 + 0.3632062, A4 ~ 0.391418 — 
0.4190217, and A5 © 0.391418 + 0.4190217. Then, the analytic expression of each POA <s< 
5) is given by, 

















A21 5 A21 
P, = p(n +1,5 L J orn >5 
( ) UP Ogle a IOs =A) f 
j 
a) 5 \r-2 5 Nr 2 
PP = 3P 7 =? 5)=3 =o >6 
een e a ee 
7 Aj 
and for n > 5+ sand 2 < s < 4, we have, 
5 n—2 n—3 
À À 
p = = | = t t 
n pi(n, 5) + 8pi(n ,5) 2 P' (Aa) +35; AD 
(3) 1 1 aS j-2 oe 4 
3 — S 
j=0 =0 t=1 
2 2 ArT j—2 Ta 5 
= —j — 1, . 
ee j,5) + 3pi(n — s + 1,5) ee P On) 


5.3. Special case r = 5 and i = 2. Suppose that r = 5,7 = 2 and consider the positive 
integers h and d. The associated characteristic polynomial is P(z) = 2° —2¢z4—z—h, with 
derivative P’(z) = 5z4 — 4(2%)z3 — 1. Then, the determinant of the associated Sylvester 
matrix is given by, 

g(h, d) = 256(2*”)(2”)h? + 2500(2”)h? + 3125h* + 436(2?”)(2”)h — 

50(22”h)* — 336(2°”)2” — 400(2**)h + 309(24”) — 256. 
The same variable change x = 27, gives us the equation 
256(h?)u? + 3125h* + 2500(h?)u — 50(h?)u? + 36hu® — 27u* — 256 = 0. 


We can verify that, the only integers solutions the preceding equation are given by h = 
—1, u = 1, and h = 1, u = —1,, which is impossible. Then, it follows the result showing 
us that the resultant, namely, determinant of Sylvester matrix Sp p is different from zero 
for every positive integers d and h. 


Lemma 5.9. There is no positive integers solutions to the equation —256(2*7) (2%) h3 —2500(2¢)h3+ 
3125h* — 436(274)(2%)h — 50224h? — 336(294)2¢ + 400(294)h + 30924 — 256 = 0. 


As a consequence of the Lemma 5.9, we deduce the following proposition. 
Proposition 5.10. The roots of the polynomial 
P(z) =2° — 2z- z-h 


are simple, for d and h positive integers. 
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Therefore, with the aid of Lemma 5.9 an Proposition 5.10, the following theorem is 
valid. 


Theorem 5.11. Let Cpt 1 < s < 5} be the Pell fundamental system defined as in (10). 


(s) 


Then, the analytic expression of each Py, ee < s < 5) is given by, 





NT 1 5 Ani 
Pon = 1,5) — >5, 
2n = p2(n + A A 2 E , forn > 
B I= kéj 
1 5 n—2 4 A272 
POE meea = 
j=1 j . 


u s < s < 4) , we have, 


n—s AEA 
a(n — 7,5 ) + hpo(n—s+1,5 -Da Ou) +h PI (A 





X 


where Ai, +>, 7 are the ae roots of the polynomial P(z) = z° — 2424 — z — h. 


As an illustrative application of Theorem 5.11, we give the following numerical exam- 
ple. 
Example 5.12. For the parameters h = 2 and d = 6, the resultant is equal 62810960 0. 
Then, the roots of the associated polynomial P(z) = z° — 642zł — z — 2 are simple, that is, 
we have Ayı œ~ 64.0000, Az ~ —0.297632 — 0.2741812, A3 ~ —0.297632 + 0.2741812, Aq % 
0.297630 — 0.3197577, and A5 © 0.297630 + 0.319757i. Then, the analytic expression of each 
PI) (1 < s <5) is given by, 





5 = 
Pom = p(n +1,5) = ae 5 =X ——_ porn > 5, 
j=l 


Os) AA) 
kAj 
a) 5 \r-2 5 A272 
Py, = 3Pa-1 = 3p2(n,5)=3 4 =2+—=3) — > forn>6, 
> P' (Xy) > TL As— 4) 


and for n > 5+ sand 2 < s < 4, we have, 





Nie yn- 
pA = pə(n,5) + 3p2(n — 1,5) =y t yai 
= t t 


1 A 3 aa 
= X — j — 2,5) = >È 


2 e a= 
D j, 5) p2( ) >, P (Xd) P' (dt) 








Remark 5.13. It is important to note that for Lemmas 5.2, 5.6 and Proposition 5.10, we succeeded 
another alternative proof, based on the same process considered for establishing Lemmas 4.1 and 


4.3. 
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It seems for us that, the results of Theorems 5.7 and 5.11 concerning the special case 
r= 5and i = 1 or i = 2, of the model of generalized Pell numbers (1), are not current in 
the literature. Moreover, for r = 5 in the model of generalized Pell numbers (1), a similar 
result of Proposition 4.7 can be formulated for sequences of generalized Pell numbers 
with arbitrary initial conditions. More precisely, for r = 5 the combination of Proposition 
2.8 and Theorems 5.7 and 5.11 permit us to get the analytical expression for the general 
setting of sequence generalized Pell numbers. 


6. CONCLUDING REMARKS AND PERSPECTIVES 


In this paper we have studied the model of generalized Pell numbers (1), where some 
combinatorial representations of the generalized Pell numbers (1) are provided. More- 
over, some identities and combinatorial identities for the model of generalized Pell num- 
bers are established. On the other hand, analytic formulas of a large class of sequences of 
the model of generalized Pell numbers (1), namely, (2)-(3), are established, without using 
the usual method of determinant. And in the context of some special cases the use of the 
determinant of Sylvester matrix allow us to obtain new results. It seems for us that the 
study of the analytical aspect of the generalized Pell numbers (2)-(3) and for the general 
model (1), the study of the two special cases r = 4, i = 1 and r = 5,21 = lori = 2, 
represent an interesting contribution to this model. Several results of our study are not 
current in the literature. 


The analytic approach for the model of generalized Pell numbers (1) can be deepened 
in order to generalize the results of Section 5. That is, the same process and study with 
computational effort can be done for all r and i, for 1 <i < r — 3. 
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